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Beyond linear gyrocenter polarization in gyrokinetic theory
Alain J. Brizard
Department of Physics, Saint Michael’s College, Colchester, VT 05439, USA
The concept of polarization in gyrokinetic theory is clarified and generalized to include contribu-
tions from the guiding-center (zeroth-order) polarization as well as the nonlinear (second-order) gyro-
center polarization. The guiding-center polarization, which appears as the antecedent (zeroth-order)
of the standard linear (first-order) gyrocenter polarization, is obtained from a modified guiding-
center transformation. The nonlinear gyrocenter polarization is derived either variationally from
the third-order gyrocenter Hamiltonian or directly by gyrocenter push-forward method.
I. INTRODUCTION
Polarization effects represent one of the hallmarks of
nonlinear gyrokinetic theory [1–3] and its numerical im-
plementations [4, 5]. These effects, which are intimately
associated with the process of dynamical reduction [6],
have a long history in plasma physics [7].
Modern gyrokinetic theory [3] is based on a two-step
phase-space transformation from particle phase space to
gyrocenter phase space (with the guiding-center phase-
space transformation representing the intermediate step).
Since each step generates its own polarization and mag-
netization effects, the guiding-center polarization and
magnetization effects are consequently different from lin-
ear (first-order) gyrocenter polarization and magnetiza-
tion effects.
While standard nonlinear gyrokinetic theory retains
only the first-order (linear) gyrocenter polarization in its
gyrokinetic Poisson equation (in the form of a quasineu-
trality equation used to determine the electrostatic po-
tential through ion polarization effects), it was recently
argued by Parra and Catto [8] that the standard gy-
rokinetic quasineutrality equation could not be used to
find the electrostatic potential in the long-wavelength
limit without the introduction of additional nonlinear
physics. The ensuing debate [9–11] concerning the nature
of these high-order effects motivates the present work,
which hopes to introduce new light into this important
topic.
For this purpose, we review in Sec. II the derivation
of polarization (and magnetization) effects in a general
reduced Vlasov-Maxwell theory [6]. Here, reduced polar-
ization and magnetization can either be derived directly
by the push-forward approach or by a variational ap-
proach from the reduced Hamiltonian. The geometry of
the reduced polarization is also presented. In Sec. III,
we derive the guiding-center polarization and magneti-
zation associated with the guiding-center dynamical re-
duction [12, 13]. In the calculation of the guiding-center
polarization, however, we find that the standard guiding-
center transformation [12] must be modified in order
to recover the standard guiding-center polarization ob-
tained by Pfirsch [14, 15] and Kaufman [16]. Appendix
A summarizes the changes made to the guiding-center
transformation in order to recover the Pfirsch-Kaufman
guiding-center polarization.
In Sec. IV, we rederive (by push-forward and varia-
tional approaches) the standard linear (first-order) gyro-
center polarization that appears in modern gyrokinetic
theory [3] and derive an expression for the nonlinear
(second-order) gyrocenter polarization (derived from the
third-order gyrocenter Hamiltonian) that is consistent
with the early result of Dubin et al. [2] and the recent
result of Mishchenko and Brizard [17]. We also include
a discussion of the recent results of Parra and Catto [8]
and Lee and Kolesnikov [9]. We summarize our work
in Sec. V and point out the role played by the guiding-
center polarization current density in the formulation of
the conservation of toroidal angular momentum in gy-
rokinetic theory [18].
II. REDUCED POLARIZATION AND
MAGNETIZATION
The dynamical reduction of the Vlasov equation, in-
duced by a near-identity transformation on particle phase
space
z → z ≡ Tǫz (1)
introduces reduced polarization and magnetization ef-
fects in the reduced Maxwell equations [6]:
∇ ·E = 4π ̺ (2)
≡ 4π
(
̺ − ∇ ·P
)
,
∇×B −
1
c
∂E
∂t
=
4π
c
J (3)
≡
4π
c
(
J +
∂P
∂t
+ c∇×M
)
.
In Eq. (2), the particle charge density ̺ ≡ ̺ + ̺pol is
decomposed in terms of the reduced charge density
̺ = e
∫
F d3p, (4)
2where F denotes the reduced Vlasov distribution (sum-
mation over particle species is henceforth implied) and
the polarization charge density ̺pol ≡ −∇ ·P, which
is defined in terms of the reduced polarization P. In
Eq. (3), the particle current density J ≡ J+ Jpol + Jmag
is decomposed in terms of the reduced current density
J = e
∫
F
dǫx
dt
d3p, (5)
where dǫx/dt denotes the reduced particle velocity, the
polarization current density Jpol ≡ ∂P/∂t, and the mag-
netization current Jmag ≡ c∇×M, which is defined in
terms of the reduced magnetization M. Here, the re-
duced Vlasov distribution F satisfies the reduced Vlasov
equation
0 =
∂F
∂t
+
dǫz
α
dt
∂F
∂zα
≡
∂F
∂t
+ {F , H}ǫ, (6)
where the reduced Hamiltonian H and the reduced Pois-
son bracket { , }ǫ are both derived by Lie-transform
perturbation methods [6]. Since the process of dynam-
ical reduction has eliminated a specific fast time scale
from the reduced particle dynamics dǫz
α/dt, the reduced
Vlasov distribution F is a constant on this fast time scale.
The reduced polarization P and the reduced magne-
tization M appearing in the reduced Maxwell equations
(2)-(3) can be derived by two different approaches: a
“bottom-up” push-forward approach that builds directly
on the near-identity transformation (1); or a “top-down”
approach based on the explicit dependence of the reduced
Hamiltonian H on the electric and magnetic fields, re-
spectively.
A. Bottom-up push-forward approach
The reduced polarization P and magnetization M can
be constructed directly by push-forward method from
the reduced displacement [6] defined as the difference be-
tween the push-forward T−1ǫ x of the particle position x
and the reduced particle position x:
ρǫ ≡ T
−1
ǫ x − x
= − ǫ Gx1 − ǫ
2
(
Gx2 −
1
2
G1 · dG
x
1
)
+ · · · , (7)
where the generating vector fields (G1,G2, · · · ) are asso-
ciated with the phase-space transformation (1).
For the reduced polarization, we begin with the push-
forward of the particle charge density
̺ = e
∫
f d3p = e
∫
f δ3(x − r) d6z
= e
∫
F
〈
δ3(x+ ρǫ − r)
〉
d6z, (8)
where the particle charge density is first evaluated as an
integral over the entire particle phase space (with only
FIG. 1: The drifting motion (dark curve) of a gyrating
charged particle in crossed electric and magnetic fields leads
to a polarization shift from the guiding-center position (on
the x-axis) to the averaged particle position (on the dotted
horizontal line). In the absence of drift motion (E = 0), the
particle’s gyromotion is along a circular orbit (centered at the
origin).
particles whose positions x are at the field point r con-
tributing to ̺) and then transformed to reduced phase
space. The reduced phase-space integral now involves the
averaged push-forward delta function 〈T−1ǫ δ
3(x − r)〉 ≡
〈δ3(x + ρǫ − r)〉, where 〈· · · 〉 denotes averaging over the
fast orbital time scale, and the reduced Vlasov distribu-
tion F ≡ T−1ǫ f is the push-forward of the particle Vlasov
distribution f .
When Eq. (8) is Taylor-expanded as a multipole expan-
sion in powers of ρǫ (e.g., dipole + quadrupole + · · · ),
we obtain the expression
̺ ≡ ̺ − ∇ ·P, (9)
where the reduced polarization [6] associated with the
transformation (1) is defined as
P ≡
∫ [
piǫ F −
(e
2
〈ρǫ ρǫ〉 ·∇F + · · ·
)]
d3p. (10)
Here, the reduced polarization density
piǫ ≡ e
(
〈ρǫ〉 − ∇ ·
〈
1
2
ρǫ ρǫ
〉
+ · · ·
)
(11)
includes contributions from the electric dipole and
quadrupole moments (higher-order multipole contribu-
tions are ignored in the present work), while the re-
maining terms in Eq. (10) represent finite-Larmor-radius
(FLR) corrections to the reduced Vlasov distribution.
The geometry of the reduced polarization density (11)
is shown in Fig. 1 for the case of a charged particle moving
in a strong magnetic field B = −B ẑ (into the page) in
the presence of a uniform electric field E = −E ŷ, which
yields a drifting particle orbit (dark curve) that is moving
to the right (along the x-axis) with E ×B drift velocity
E× c b̂/B = (cE/B) x̂. In part (A) of Fig. 1, the up-and-
down vertical arrows show the reduced displacement (7),
defined as the difference between the particle position (on
the dark curve) and the reduced position (on the x-axis),
at various points during a fast gyration period. Part
(B) shows the polarization shift (from the x-axis to the
3dotted horizontal line), which is perpendicular to both
the magnetic-field direction and the drift velocity.
For a general drift-particle orbit in a strong magnetic
field, the reduced polarization density (11) is defined to
lowest order [7] as
piǫ ≡
e b̂
Ω
×
dǫx
dt
, (12)
where Ω = eB/(mc) denotes the gyrofrequency for a
particle of charge e and massm. We note that the ratio of
the magnitude of the polarization shift (defined as |piǫ|/e)
to the gyroradius ρ⊥ of the undrifting particle (i.e., the
circle’s radius in Fig. 1) can be used as the definition of
the dimensionless parameter ǫ ≡ |piǫ|/(e ρ⊥) ≪ 1 (the
polarization shift is exaggerated in Fig. 1 for illustrative
purposes).
For the reduced magnetization, we consider the push-
forward of the particle current density
J = e
∫
f
dx
dt
d3p = e
∫
f
dx
dt
δ3(x− r) d6z (13)
= e
∫
F
〈(
dǫx
dt
+
dǫρǫ
dt
)
δ3(x+ ρǫ − r)
〉
d6z,
where the push-forward of the particle velocity
T−1ǫ
(
dx
dt
)
≡
dǫx
dt
+
dǫρǫ
dt
is decomposed into the reduced particle velocity dǫx/dt
and the reduced displacement velocity dǫρǫ/dt. A mul-
tipole expansion of Eq. (13) yields the expression for the
plasma current density
J ≡ J +
∂P
∂t
+ c ∇×M, (14)
where, using the expression (10) for the reduced polar-
ization, the reduced polarization current in Eq. (14) is
first expressed as
∂P
∂t
=
∫
d3p
[
e
(
F
∂〈ρǫ〉
∂t
+ 〈ρǫ〉
∂F
∂t
)
−
e
2
∇ ·
(
〈ρǫ ρǫ〉
∂F
∂t
+ F
∂
∂t
〈ρǫ ρǫ〉 + · · ·
)]
.
When the reduced Vlasov equation (6) is used to replace
∂F/∂t, we obtain
∂P
∂t
= e
∫ (
dǫ〈ρǫ〉
dt
)
F d3p − ∇ ·
[
e
∫ (
dǫx
dt
〈ρǫ〉 +
1
2
〈
dǫρǫ
dt
ρǫ + ρǫ
dǫρǫ
dt
〉)
F d3p + · · ·
]
, (15)
i.e., the reduced polarization current is defined, to lowest
order, as the reduced Vlasov-moment of the averaged re-
duced displacement velocity dǫ〈ρǫ〉/dt. If we now insert
Eq. (15) into Eq. (13), we obtain the reduced magneti-
zation current
c∇×M ≡ J −
(
J +
∂P
∂t
)
(16)
= ∇ ·
[
e
∫ (
dǫx
dt
〈ρǫ〉 − 〈ρǫ〉
dǫx
dt
)
F d3p
+
e
2
∫ 〈
dǫρǫ
dt
ρǫ − ρǫ
dǫρǫ
dt
〉
F d3p
]
.
By using the vector identity ∇ · (KG − GK) =
∇× (G×K), which is valid for arbitrary vector fields
(G,K), we obtain the reduced (dipole) magnetization [6]
M ≡
e
c
∫
F
(
1
2
〈
ρǫ×
dǫρǫ
dt
〉
+ 〈ρǫ〉×
dǫx
dt
)
d3p+ · · · .
(17)
Here, the reduced intrinsic magnetization density is de-
fined as
µǫ ≡
e
2c
〈
ρǫ×
dǫρǫ
dt
〉
(18)
while
e
c
〈ρǫ〉×
dǫx
dt
≃ piǫ×
1
c
dǫx
dt
(19)
represents the moving-electric-dipole contribution [19].
For each near-identity phase-space transformation (1),
a reduced displacement (7) can, therefore, be constructed
from which a reduced polarization (10) and a reduced
magnetization (17) can be derived.
B. Top-down variational approach
As a result of the near-identity transformation (1), the
reduced Hamiltonian H appearing in the reduced Vlasov
equation (6) acquires a dependence on the electromag-
netic fields (E,B). The reduced polarization density (11)
4and the reduced intrinsic magnetization density (18) can
thus be derived from the reduced Hamiltonian as follows.
From a variational point of view, the reduced polariza-
tion density (11) is defined from the reduced Hamiltonian
H as
piǫ ≡ −
∂H
∂E
+ ∇ ·
(
∂H
∂∇E
)
+ · · · , (20)
where the first and second terms represent the electric
dipole and quadrupole contributions, respectively. The
reduced intrinsic magnetization density (18), on the other
hand, is defined as
µǫ ≡ −
∂H
∂B
+
∂H
∂E
×
1
c
dǫx
dt
. (21)
We now relate these variational definitions with the push-
forward definitions (11) and (18) as follows.
We begin our variational derivation of Eqs. (20)-(21)
by considering the “interaction” Hamiltonian
h ≡ eΦ(x, t) −
e
c
dx
dt
·A(x, t), (22)
which is expressed in terms of the electromagnetic poten-
tials (Φ,A). We note that the Hamiltonian (22) trans-
forms as h → h − (e/c) dχ/dt under the gauge transfor-
mation (Φ,A)→ (φ− c−1∂χ/∂t,A+∇χ); hence, an ar-
bitrary exact time derivative can be added to the Hamil-
tonian (22) without changing the Hamiltonian dynamics.
First, we consider the push-forward of the Hamiltonian
(22) induced by the phase-space transformation (1):
T−1ǫ h = eΦ(x+ ρǫ)−
e
c
(
dǫx
dt
+
dǫρǫ
dt
)
·A(x + ρǫ)
≡ H +
dǫσ
dt
, (23)
where the gauge term dǫσ/dt is introduced to simplify H
and eliminate the fast-time-scale dependence of T−1ǫ h.
Next, we Taylor-expand the electromagnetic potentials in
Eq. (23) up to second (quadrupole) order ρǫ and obtain
the fast-time-averaged expression
H = e
(
Φ −
1
c
A ·
dǫx
dt
)
(24)
− e
(
〈ρǫ〉 ·E +
1
2
〈ρǫ ρǫ〉 : ∇E
)
−
e
c
(
〈ρǫ〉×
dǫx
dt
+
1
2
〈
ρǫ×
dǫρǫ
dt
〉)
·B,
where the perturbed electromagnetic fields are evaluated
at the reduced position x. We now use the definition (20)
to obtain the reduced polarization density (11):
piǫ = −
∂H
∂E
+ ∇ ·
(
∂H
∂∇E
)
= e 〈ρǫ〉 −
e
2
∇ · 〈ρǫ ρǫ〉, (25)
and the definition (21) to obtain the reduced magnetiza-
tion density (18):
µǫ = −
∂H
∂B
+
∂H
∂E
×
1
c
dǫx
dt
=
e
2c
〈
ρǫ×
dǫρǫ
dt
〉
. (26)
C. Oscillation-center polarization & magnetization
We illustrate the concepts of reduced polarization and
magnetization by briefly reviewing the polarization and
magnetization that arise following the oscillation-center
transformation [20, 21]. First, we consider the eikonal
representation of the high-frequency fluctuating fields
(E˜1, B˜1) =
(
E1, B1
)
exp
(
i ǫ−1Θ(ǫr, ǫt)
)
+ c.c., (27)
where the eikonal phase Θ yields the “local” definitions
of wave-frequency ω ≡ − ǫ−1∂tΘ and wave-vector k ≡
ǫ−1∇Θ, the complex-valued eikonal amplitudes (E1,B1)
are weak functions of space and time, and the eikonal
parameter ǫ ≪ 1 is associated with the fluctuating-field
amplitude. The Lie-transform analysis leading to the
oscillation-center dynamics [20] (which is independent
of the fast wave space-time scales) yields the first-order
oscillation-center displacement ξ˜1 ≡ ξ1oc exp(iǫ
−1Θ) +
c.c., where the complex-valued eikonal amplitude ξ1oc is
ξ1oc ≡
− e
mω′2
(
E1 +
v
c
×B1
)
, (28)
and ω′ ≡ ω − k ·v denotes the Doppler-shifted wave fre-
quency. In the present case, fast-time-scale averaging
(denoted as 〈· · · 〉oc) involves an average over the eikonal
phase Θ. We note here that, because of the mass scal-
ing m−1 in Eq. (28), the electron oscillation-center dis-
placement is much larger than the ion oscillation-center
displacement by a factor of the ion-over-electron mass
ratio.
In Ref. [21], the oscillation-center polarization and
magnetization are derived in the limit of small back-
ground electric and magnetic fields (E0,B0), where the
second-order oscillation-center Hamiltonian is
H2oc = mω
′2 |ξ1oc|
2 − E0 ·pi2oc
− B0 ·
(
µ2oc + pi2oc×
v
c
)
. (29)
Here, the lowest-order term
m
2
〈∣∣∣∣∣dξ˜1dt
∣∣∣∣∣
〉
oc
= mω′2 |ξ1oc|
2
represents the standard oscillation-center ponderomotive
Hamiltonian [20], while the oscillation-center electric-
dipole moment pi2oc and the intrinsic magnetic-dipole
5moment µ2oc are expressed in terms of the oscillation-
center displacement (28) as
pi2oc ≡ −
∂H2oc
∂E0
= ek× (i ξ1oc× ξ
∗
1oc) , (30)
µ2oc ≡ −
∂H2oc
∂B0
+
∂H2oc
∂E0
×
v
c
=
e
c
ω′ (i ξ1oc× ξ
∗
1oc) . (31)
These expressions can also be obtained directly by push-
forward method from the oscillation-center displacement
ρoc = ǫ ξ˜1 +
ǫ2
2
(
ξ˜1 ·∇ξ˜1 +
dξ˜1
dt
·
∂ξ˜1oc
∂v
)
− ǫ2Gx2 + · · · , (32)
where Gx1 = − ξ˜1, G
v
1 = dξ˜1/dt, and the second-order
field Gx2 is not needed. The eikonal-average of the
oscillation-center displacement (32) yields the second-
order averaged displacement
〈ρoc〉oc = ǫ
2 Re
[
ik ·
(
ξ
∗
1oc ξ1oc
)
− i ω′ ξ1oc ·
∂ξ∗1oc
∂v
]
= ǫ2 k× (i ξ1oc× ξ
∗
1oc) , (33)
from which we recover Eq. (30). Using Eq. (18), we ob-
tain the eikonal average
1
2
〈
ρoc ×
dρoc
dt
〉
oc
= ǫ2 ω′
(
i ξ˜1oc × ξ˜
∗
1oc
)
, (34)
from which we recover Eq. (31).
We will show in Sec. IV [see Eq. (57)] how Eq. (30)
reveals some universal features of reduced polarization
as a result of the process of dynamical reduction.
III. GUIDING-CENTER POLARIZATION AND
MAGNETIZATION
We now proceed with the process of dynamical reduc-
tion associated with gyrokinetic theory, whereby the fast
gyromotion perpendicular to a magnetic-field line is de-
coupled from the slow parallel motion along and drift
motion across magnetic-field lines (see Fig. 1). Standard
gyrokinetic theory [3] is based on a two-step near-identity
transformation Tǫ ≡ Tgy Tgc starting with the guiding-
center transformation (from particle phase space) fol-
lowed by the gyrocenter transformation (from guiding-
center phase space).
In the present Section, we derive the guiding-center
polarization and magnetization densities (11) and (18)
[or (20) and (21)] associated with the reduced guiding-
center displacement
ρgc = ρ0 + ǫB ρ1gc + · · · , (35)
where ρ0 = −G
x
1 ≡ (2µB/mΩ
2)1/2ρ̂ denotes the
gyroangle-dependent lowest-order gyroradius (whose gy-
roangle average 〈ρ0〉 ≡ 0 vanishes identically) and the
first-order correction ρ1gc is presented in App. A (ǫB de-
notes the small parameter associated with the nonuni-
formity of the background magnetic field). In the next
Section, we will derive the linear (first-order) and nonlin-
ear (second-order) gyrocenter corrections to the reduced
polarization due to the gyrocenter phase-space transfor-
mation.
A. Guiding-center polarization
Using Eq. (11), we derive the gyroangle-averaged
guiding-center polarization density pigc ≡ ǫB pi1gc + · · · ,
where the lowest-order guiding-center polarization den-
sity is given by the lowest-order Pfirsch-Kaufman expres-
sion [14–16]
pi1gc ≡ e 〈ρ1gc〉 − ∇ ·
(e
2
〈
ρ0 ρ0
〉)
=
e b̂
Ω
×
dgcX
dt
, (36)
with the perpendicular guiding-center drift-velocity de-
fined as
(
dgcX
dt
)
⊥
≡
b̂
mΩ
×
(
µ∇B +
p2‖
m
b̂ ·∇b̂
)
. (37)
Details of the calculation leading to Eq. (36) are given in
App. A. Using Eq. (10), the guiding-center polarization
Pgc ≡
∫ [
F
(
e b̂
Ω
×
dgcX
dt
)
−
µB
2mΩ2
∇⊥F
]
d3P
(38)
is, therefore, a first-order term in magnetic-field (and
Vlasov) nonuniformity.
We note that, because of the presence of a spatial di-
vergence in its definition, the guiding-center polarization
(38) yields a guiding-center polarization charge density
̺
(2)
pol (gc) ≡ −∇ ·P
(1)
gc that is ordered at second order
in magnetic-field (and Vlasov) nonuniformity, which ex-
plains why it is often ignored in the gyrokinetic Poisson
equation [3]. The second-order polarization current den-
sity J
(2)
pol (gc) ≡ ∂P
(1)
gc /∂t, however, is of the same order
as the gyrocenter polarization current density and, there-
fore, cannot be ignored. The guiding-center polarization
current density derived from Eq. (38) has, in fact, re-
cently appeared in the derivation of momentum conserva-
tion laws associated with nonlinear gyrokinetic equations
in axisymmetric tokamak geometry [18].
6B. Guiding-center magnetization
Using Eq. (18), the lowest-order intrinsic guiding-
center magnetic-dipole moment
µ(0)gc =
e
2c
〈
ρ0 ×
(
Ω
∂ρ0
∂ζ
)〉
= −µ b̂, (39)
yields the standard guiding-center magnetization [22, 23]
M
(0)
gc ≡ −
(∫
F µ d3P
)
b̂ ≡ −
P⊥ b̂
B
, (40)
which is expressed in terms of the guiding-center per-
pendicular pressure P⊥. We note that Eq. (39) can
also be obtained from the guiding-center Hamiltonian
Hgc = p
2
‖/2m+ µB as µ
(0)
gc ≡ − ∂Hgc/∂B = −µ b̂.
Lastly, we note that, up to first order in magnetic-field
nonuniformity, the guiding-center representation of the
plasma current density (14) is
J ≃ Jgc + c∇×Mgc
=
∫ [
e
dgcX
dt
F − c∇×
(
µF b̂
)]
d3P, (41)
where the second-order guiding-center polarization cur-
rent density ∂Pgc/∂t, defined by Eq. (15), is omitted
here.
IV. LINEAR AND NONLINEAR GYROCENTER
POLARIZATIONS
We now consider the polarization corrections to the
guiding-center polarization density (36) associated with
the gyrocenter transformation Tgy from guiding-center
phase-space coordinates Zα = (X, p‖, µ, ζ) to gyrocenter
phase-space coordinates Z
α
= (X, p‖, µ, ζ). Here, the
total gyrocenter displacement from the particle position
ρgy ≡ T
−1
gy
(
T−1gc x
)
− x = T−1gy
(
X + ρgc
)
−X
= ρgc − ǫδ
{
S1, X+ ρgc
}
gc
− ǫ2δ
{
S2, X+ ρgc
}
gc
+
ǫ2δ
2
{
S1, {S1, X+ ρgc}gc
}
gc
+ · · · (42)
includes the guiding-center displacement (35) at the low-
est order in ǫδ (the dimensionless parameter associated
with the perturbation amplitude), where ρgc denotes the
guiding-center displacement (35) evaluated in terms of
the gyrocenter phase-space coordinates Z
α
.
The gyrocenter transformation from guiding-center
phase space is generated by the canonical generating
components G
α
n ≡ {Sn, Z
α}gc (n = 1, 2, ...), where the
gyrocenter generating functions S1 and S2 satisfy
dgcS1
dt
= e Φ˜1gc, (43)
dgcS2
dt
= −
e
2
({
S1, Φ1gc
}
gc
−
〈{
S1, Φ1gc
}
gc
〉)
− e
{
S1, 〈Φ1gc〉
}
gc
. (44)
Here, the gyroangle average 〈· · · 〉 is associated with the
fast-gyromotion averaging and Φ˜1gc ≡ Φ1gc − 〈Φ1gc〉 de-
notes the gyroangle-dependent part of Φ1gc ≡ Φ1(X +
ρgc, t). Since the functions Sn are explicitly gyroangle-
dependent, we use dgc/dt ≃ Ω ∂/∂ζ in Eqs. (43)-(44) and
we henceforth use the lowest-order form of the gyrocenter
Poisson bracket
{F, G}gc ≃
∂F
∂ζ
∂G
∂J
−
∂F
∂J
∂G
∂ζ
, (45)
where the gyrocenter gyroangle ζ is canonically-
conjugate to the gyrocenter gyro-action J ≡ µB/Ω.
A. Higher-order gyrocenter Hamiltonian
We now consider the linear (first-order) and nonlinear
(second-order) gyrocenter polarizations that arise from
the gyrocenter dynamical reduction (i.e., as a second step
after the guiding-center reduction). Here, we restrict our
attention to the electrostatic case and briefly summa-
rize the work presented by Mishchenko and Brizard [17],
where the gyrocenter Hamiltonian
Hgy = Hgc + ǫδ e 〈Φ1gc〉 − ǫ
2
δ
e
2
〈{
S1, Φ1gc
}
gc
〉
+ ǫ3δ e
[
1
2
〈{
S1, {S1, 〈Φ1gc〉}gc
}
gc
〉
+
1
3
〈{
S1, {S1, Φ˜1gc}gc
}
gc
〉]
(46)
contains terms up to third order in perturbation ampli-
tude; in the remainder of this Section, we omit the over-
bar to denote gyrocenter phase-space coordinates and
functions.
We note that the electric-dipole-moment contribution
to the guiding-center polarization (38) is obtained from
the variation of the first-order gyrocenter Hamiltonian
H1gy = e 〈Φ1gc〉 = eΦ1 − e 〈ρgc〉 ·E1
−
e
2
〈ρgc ρgc〉 ·∇E1 + · · · ,
so that Eq. (20) yields
pigc ≡ −
∂H1gy
∂E1
+ ∇ ·
(
∂H1gy
∂∇E1
)
+ · · ·
= e 〈ρgc〉 − ∇ ·
(e
2
〈ρgc ρgc〉
)
+ · · · , (47)
which gives Eq. (36).
7B. Linear gyrocenter polarization
If we consider the first-order term in Eq. (42), we easily
obtain the first-order gyrocenter polarization density
pi1gy ≡ e 〈ρ1gy〉 − ∇ ·
(e
2
〈
ρgc ρ1gy + ρ1gy ρgc
〉)
≃ −
e2
Ω
∂
∂J
〈
ρ0 Φ˜1gc −∇ ·
(ρ0ρ0
2
Φ˜1gc
)〉
, (48)
where we used the lowest-order guiding-center Poisson
bracket (45), we use the lowest-order expression ρgc ≃ ρ0
for the guiding-center displacement (35), and we have
included the electric-quadrupole-moment correction in
Eq. (48). Here, the gyroangle-averaged first-order gy-
rocenter displacement is
〈ρ1gy〉 ≃ −
e
Ω
∂
∂J
〈
ρ0 Φ˜1gc
〉
= −
e
mΩ2
∇⊥〈Φ1gc〉 ≡
b̂
Ω
×
d1X
dt
, (49)
where the perpendicular first-order gyrocenter drift-
velocity(
d1X
dt
)
⊥
≡
b̂
mΩ
×∇H1gy =
cb̂
B
×∇〈Φ1gc〉 (50)
represents the perturbed E × B velocity. Hence, the
electric-dipole-moment contribution to the linear gyro-
center polarization can be expressed in terms of the
electric-dipole contribution (without the first-order FLR
correction)
P
(1)
gy =
∫
F
(
e b̂
Ω
×
d1X
dt
)
d3P, (51)
which appears naturally as the first-order gyrocenter cor-
rection to the guiding-center polarization (38).
According to the standard gyrokinetic (short-
wavelength limit) ordering [3], Eq. (51) yields a first-
order gyrocenter polarization charge density ̺
(1)
pol (gy) ≡
−∇ ·P
(1)
gy and a second-order gyrocenter polarization
current density J
(2)
pol (gy) ≡ ∂P
(1)
gy /∂t, which is of the same
order as the guiding-center polarization current density
derived from Eq. (38). In the long-wavelength limit, how-
ever, the first-order gyrocenter polarization charge den-
sity −∇ ·P
(1)
gy becomes a second-order effect that is com-
parable to the guiding-center polarization charge density.
In order to derive the simplest form for the nonlinear
(second-order) gyrocenter polarization density, we will
evaluate the first-order gyrocenter displacement (49) in
the zero-Larmor-radius (ZLR) limit (indicated by →).
In this limit, the second-order gyrocenter Hamiltonian
becomes
H2gy ≃ −
e2
2Ω
∂
∂J
〈
Φ˜21gc
〉
→ −
1
2
mΩ2 |ξ1gy|
2, (52)
the first-order gyrocenter displacement (49) becomes
〈ρ1gy〉 → ξ1gy ≡
cE1
BΩ
, (53)
and the electric-quadrupole-moment contribution in
Eq. (48) vanishes, so that the first-order gyrocenter po-
larization density is pi1gy ≡ − ∂H2gy/∂E1 → e ξ1gy.
C. Nonlinear gyrocenter polarization
We now derive the nonlinear (quadratic) gyrocenter
polarization from the third-order gyrocenter Hamilto-
nian. For this purpose, we use the ZLR limit and the
simplified gyrocenter Poisson bracket (45).
1. Variational derivation
With these approximations (see App. B for details),
we obtain the cubic gyrocenter Hamiltonian [17]
H3gy ≃
e3
2Ω2
∂
∂J
〈(
Φ˜1gc
)2 ∂Φ1gc
∂J
〉
→ −
e
2
E1 ·∇
(
1
2
|ξ1gy|
2
)
, (54)
where we used the definition (53). It is now clear that the
third-order gyrocenter Hamiltonian (54) explicitly con-
tains dipole and quadrupole contributions. The nonlin-
ear gyrocenter polarization density is therefore expressed
as
pi2gy ≡ −
∂H3gy
∂E1
+ ∇ ·
(
∂H3gy
∂(∇E1)
)
→
e
2
(
∇ξ1gy · ξ1gy + ξ1gy ·∇ξ1gy
)
− ∇ ·
(e
2
ξ1gy ξ1gy
)
≃ e ∇ξ1gy · ξ1gy − ∇ ·
(e
2
ξ1gy ξ1gy
)
, (55)
where we used the fact that the first-order gyrocenter
displacement (53) is nearly curl-free (i.e., ∇ξ1gy · ξ1gy ≃
ξ1gy ·∇ξ1gy).
The first term in Eq. (55) comes from the electric-
dipole contribution derived from the second-order gyro-
center Hamiltonian (52):
pi
(dip)
2gy =
e b̂
Ω
×
d2X
dt
=
e b̂
Ω
×
(
b̂
mΩ
×∇H2gy
)
→ e ∇⊥ξ1gy · ξ1gy, (56)
which was considered by Lee and Kolesnikov [9, 11].
Lastly, we compare the nonlinear gyrocenter polariza-
tion density (55) with the oscillation-center polarization
8density (30). For this purpose, we use the eikonal repre-
sentation (27) for ξ˜1gy = ξ1gy exp(i ǫ
−1Θ)+ c.c. and ob-
tain the eikonal-averaged expression (denoted by a hat)
p̂i2gy = ek⊥×
(
i ξ1gy × ξ
∗
1gy
)
, (57)
which is identical in form to the oscillation-center polar-
ization density (30) with an important difference. While
the oscillation-center displacement ξ1oc ∝ m
−1 produces
a second-order polarization density pi2oc ∝ m
−2 that fa-
vors the contribution of electrons, we note that the gy-
rocenter displacement ξ1gy ∝ m produces a second-order
polarization density p̂i2gy ∝ m
2 that favors the contribu-
tion of ions.
2. Higher-order quasineutrality condition
Next, we note that, when we apply the quasineutrality
condition in gyrokinetic theory (in the long-wavelength
limit), the gyrokinetic Poisson equation (2) is replaced
with
ne = Ni − ∇ ·
[
Ni
(
ǫδ ξ1gy + ǫ
2
δ ξ2gy + · · ·
)]
− ǫ2B ∇ ·
(
e−1 Pgc
)
, (58)
where ne denotes the electron particle density while Ni
denotes the ion gyrocenter density [24], and the second-
order gyrocenter displacement is defined as
ξ2gy ≡
1
2
[
ξ1gy ·∇ξ1gy − ξ1gy
(
∇ · ξ1gy
)]
. (59)
As mentioned above, the guiding-center polarization
charge density (last term on the right side), which is
always ignored in standard gyrokinetic theory [3], is at
least of the same order as the linear gyrocenter polariza-
tion charge density in the long-wavelength limit.
It is precisely in this long-wavelength limit that Parra
and Catto [8, 10] have argued that standard gyrokinetic
theory [3] is incomplete. By following a one-step itera-
tive procedure (which combines the guiding-center and
gyrocenter transformations), Parra and Catto obtain a
long-wavelength quasineutrality equation [see Eq. (55)
of Ref. [8]] that ignores the terms associated with the
nonlinear gyrocenter polarization and the guiding-center
polarization in Eq. (58) and adds the nonlinear correction
−
Ni
2
(
mic
2
TiB2
|∇⊥Φ1|
2
)
≡ −
Ni
2
(
|ξ1gy|
ρth(i)
)2
, (60)
to the ion gyrocenter density Ni, where the ordering [25]
(k⊥ρth(i))
eΦ1
Ti
≡
|ξ1gy|
ρth(i)
≪ 1 (61)
is applied. We remark that the Parra-Catto nonlin-
ear correction (60) is not a polarization-charge correc-
tion (since it is not expressed as a spatial divergence)
and it lacks a proper cold-ion limit (i.e., it diverges as
Ti → 0). In fact, it was shown by Mishchenko and
Brizard [17] that Eq. (60) is a fictitious correction that
can be made to disappear as a result of a careful two-
step approach to gyrokinetic theory; see the discussion
surrounding Eqs. (48)-(52) in Ref. [17] and the recent
paper by Miyato, Scott, and Yagi [26].
D. Previous nonlinear polarization densities
We now compare this second-order gyrocenter polar-
ization density (55) with previous results.
1. Dubin et al. [2]
The first systematic derivation of the gyrocenter po-
larization came from the pull-back expression 〈δ3gc TgyF 〉
used by Dubin et al. [2], where δ3gc ≡ δ
3(X+ ρgc− r). A
more practical form is obtained by integration by parts
and involves the push-forward expression (given here up
to second order)
〈
T−1gy δ
3
gc
〉
= 〈δ3gc〉 − ǫδ
e
Ω
∂
∂J
〈
Φ˜1gc δ
3
gc
〉
(62)
+
ǫ2δe
2
2Ω2
∂
∂J
[〈(
∂Φ˜21gc
∂J
−
∂〈Φ˜21gc〉
∂J
)
δ3gc
〉
+
〈
Φ˜21gc
∂δ3gc
∂J
〉
+
〈
Φ˜1gc δ
3
gc
〉 ∂〈Φ1gc〉
∂J
]
,
where, in the ZLR limit, the first-order term yields
−
e
mΩ2
∇Φ1 ·∇δ
3 ≡ ξ1gy ·∇δ
3.
Integration by parts then yields the first-order gyrocenter
term in Eq. (58).
The second-order terms in Eq. (62) are expressed in
the ZLR limit as
1
4
|ξ1gy|
2 ∇2δ3 +
1
2
ξ1gy ·∇δ
3 (∇ · ξ1gy)
+ 2
〈(
ξ1gy · a1 · ξ1gy
)
a1 : ∇∇δ
3
〉
+ 4
〈(
ξ1gy · a1 ·∇δ
3
)
a1 : ∇ξ1gy
〉
, (63)
where the dyadic tensor a1 is defined in Eq. (A6). By
using the identity (B4), we obtain
2
〈(
ξ1gy · a1 · ξ1gy
)
a1 : ∇∇δ
3
〉
=
1
2
ξ1gyξ1gy : ∇∇δ
3 −
1
4
|ξ1gy|
2 ∇2δ3,
4
〈(
ξ1gy · a1 ·∇δ
3
)
a1 : ∇ξ1gy
〉
= (ξ1gy ·∇ξ1gy) ·∇δ
3 −
1
2
(ξ1gy ·∇δ
3) ∇ · ξ1gy,
9so that Eq. (63) becomes
1
2
[
ξ1gy ·∇ξ1gy − ξ1gy (∇ · ξ1gy)
]
·∇δ3 ≡ ξ2gy ·∇δ
3,
(64)
where we used the definition (59) and, upon integration
by parts, we obtain the second-order gyrocenter term in
Eq. (58).
2. Brizard & Mishchenko [27]
The gyrokinetic equations derived so far have been
based on the ordering eΦ1/Ti ≪ 1, which is consis-
tent with the ordering (61) in the short-wavelength (gy-
rokinetic) limit k⊥ρi ∼ 1. In the long-wavelength limit
(k⊥ρi ≪ 1), however, the ordering (61) yields eΦ1/Ti ∼
1. With this modified ordering, Brizard and Mishchenko
[27] derived the gyroangle-averaged gyrocenter displace-
ment
〈ρ1gy〉 ≃
b̂
Ω
×
(
cb̂
B
×∇Φ1 −
c
BΩ
dgy∇Φ1
dt
)
, (65)
where dgy/dt includes the E × B convective derivative
and the second term in Eq. (65) represents the effects of
the polarization-drift velocity.
V. SUMMARY
In the present paper, we have presented two different
approaches to deriving the reduced polarization associ-
ated with a near-identity transformation associated with
the dynamical reduction of the Vlasov equation by Lie-
transform perturbation methods. In the push-forward
approach, the reduced polarization is constructed from
the reduced displacement generated by the phase-space
transformation. In the variational approach, the reduced
polarization is constructed from derivatives of the re-
duced Hamiltonian with respect to the electric field and
its gradients. Figure 1 presented the geometry of the
orbit-averaged reduced polarization shift, from which we
obtain the reduced polarization.
We then proceeded to derive the reduced polarizations
associated with the guiding-center transformation and
the gyrocenter transformation. We thus obtain the re-
duced gyrocenter polarization (with quadrupole correc-
tions)
Pgy ≡ e
∫ [
F 〈ρgy〉 − ∇ ·
(
1
2
F
〈
ρgy ρgy
〉)]
d3P
= ǫB P
(1)
gc + ǫδ P
(1)
gy + ǫ
2
δ P
(2)
gy + · · · , (66)
where the gyrocenter displacement (42) includes effects
due to the guiding-center and gyrocenter transformation.
We also noted that the electric-dipole-moment contribu-
tion in Eq. (66) is expressed in terms of the gyrocenter
velocity:
P
(dip)
gy =
eb̂
Ω
×
[∫
F
(
dgyX
dt
)
d3P
]
, (67)
which includes the (zeroth-order) guiding-center polar-
ization (represented by the guiding-center velocity) as
well as the higher-order linear and nonlinear gyrocenter
polarizations (represented by the perturbed gyrocenter
velocities). We noted that, in the long-wavelength limit,
the guiding-center and linear gyrocenter polarization cur-
rent densities are of the same order and, therefore, both
should be kept. Furthermore, we noted that the nonlin-
ear gyrocenter polarization has the same universal fea-
tures of the oscillation-center polarization also derived
by Lie-transformation perturbation method.
Lastly, we note that each additional dynamical reduc-
tion used in gyrokinetic theory (e.g., the bounce-center
dynamical reduction [13]) introduces new polarization ef-
fects [28].
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Appendix A: Guiding-center Displacement
In this Appendix, we present the derivation of
the guiding-center polarization density (36) based on
guiding-center Lie-transform perturbation theory [12].
In order to recover the standard Pfirsch-Kaufman for-
mula [14, 16] given by Eq. (36), however, the guiding-
center transformation needs to be modified at first or-
der in magnetic-field nonuniformity. As a result of this
new transformation, the guiding-center phase-space La-
grangian is now
Γgc =
(
e
c
A + p‖ b̂ −
1
2
J ∇× b̂
)
· dX
+ J
(
dζ − R · dX
)
− Hgc dt, (A1)
where J ≡ µB/Ω denotes the guiding-center gyroaction,
R denotes the gyrogauge vector field [13], and the term
∇× b̂ ≡ τ b̂+b̂×κ includes the standard magnetic-twist
term τ ≡ b̂ ·∇× b̂ and the new correction term involving
magnetic curvature κ ≡ b̂ ·∇b̂.
The guiding-center phase-space transformation leading
to Eq. (A1) involves the generating-vector-field compo-
nents Gx1 = −ρ0, which defines the lowest-order gyrora-
dius, and
Gx2 = G
x
2‖ b̂+ ρ‖ τ ρ0 +
1
2
(
GJ1 − Jρ0 ·∇ lnB
) ∂ρ0
∂J
+
1
2
(
Gζ1 + ρ0 ·R
) ∂ρ0
∂ζ
+ Gx2 (pol), (A2)
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where the guiding-center polarization correction Gx2 (pol)
is determined below [see Eq. (A16)], while
Gx2‖ =
2 p‖
mΩ
∂ρ0
∂θ
·κ +
J
mΩ
(
a2 : ∇b̂
)
, (A3)
GJ1 = ρ0 ·
(
J∇ lnB +
p2‖
mΩ
κ
)
−
J p‖
mΩ
(
τ + a1 : ∇b̂
)
, (A4)
Gζ1 = − ρ0 ·R +
p‖
mΩ
(
a2 : ∇b̂
)
+
∂ρ0
∂ζ
·
(
∇ lnB +
p2‖ κ
2mJΩ
)
, (A5)
where the dyadic tensor fields in Eqs. (A3)-(A8) are de-
fined as
a1 ≡ −
1
2
(
⊥̂ ρ̂ + ρ̂ ⊥̂
)
≡
∂a2
∂ζ
, (A6)
a2 ≡
1
4
(
⊥̂ ⊥̂ − ρ̂ ρ̂
)
≡ −
1
4
∂a1
∂ζ
. (A7)
Using the additional component
G
p‖
1 = − p‖ ρ0 ·κ + J
(
τ + a1 : ∇b̂
)
, (A8)
we can show that the guiding-center Jacobian is
Jgc ≡ B − ǫB
∂
∂Zα
(B Gα1 ) + · · · = B
∗
‖ , (A9)
where B∗‖ ≡ b̂ ·B
∗ with
B
∗ = B + ǫB ∇×
(cp‖
e
b̂
)
− ǫ2B∇×
(
cJ
e
R+
cJ
2 e
∇× b̂
)
. (A10)
The first-order guiding-center displacement is ex-
pressed from Eq. (7) as
ρ1gc ≡ − G
x
2 +
1
2
ρ0 ·∇ρ0
−
1
2
(
GJ1
∂ρ0
∂J
+ Gζ1
∂ρ0
∂ζ
)
, (A11)
where
ρ0 ·∇ρ0 = − (Jρ0 ·∇ lnB)
∂ρ0
∂J
− (ρ0 ·R)
∂ρ0
∂ζ
−
(
ρ0 ·∇b̂ ·ρ0
)
b̂. (A12)
By combining Eqs. (A2)-(A5) and Eq. (A12) into the
first-order guiding-center displacement (A11), we find
ρ1gc = −
(
Gx2‖ +
1
2
ρ0 ·∇b̂ ·ρ0
)
b̂ − ρ‖τ ρ0 (A13)
− GJ1
∂ρ0
∂J
−
(
Gζ1 + ρ0 ·R
) ∂ρ0
∂ζ
− Gx2 (pol).
The gyroangle-averaged guiding-center displacement,
thus, becomes
〈ρ1gc〉 = −
J
2mΩ
∇ ·
(
b̂ b̂
)
+
(
J κ
2mΩ
− Gx2 (pol)
)
−
〈
GJ1
∂ρ0
∂J
〉
−
〈(
Gζ1 + ρ0 ·R
) ∂ρ0
∂ζ
〉
=
b̂
Ω
×
dgcX
dt
+ ∇ ·
(
1
2
〈
ρ0 ρ0
〉)
+
(
J κ
2mΩ
− Gx2 (pol)
)
. (A14)
Hence, we obtain the standard Pfirsch-Kaufman result
[14–16] for the guiding-center polarization density
pigc ≡ e 〈ρ1gc〉 − ∇ ·
(e
2
〈
ρ0 ρ0
〉)
=
e b̂
Ω
×
dgcX
dt
, (A15)
if the guiding-center polarization correction is
Gx2 (pol) ≡
J κ
2mΩ
=
b̂
Ω
×
[
∇×
(
−
J b̂
2m
)]
. (A16)
Appendix B: Third-order Gyrocenter Hamiltonian
In this Appendix, we use the lowest-order guiding-
center displacement ρgc = ρ0 to calculate the lowest-
order cubic gyrocenter Hamiltonian [17]
H3gy =
e
2
〈{
S1, {S1, 〈Φ1gc〉}gc
}
gc
〉
+
e
3
〈{
S1, {S1, Φ˜1gc}gc
}
gc
〉
, (B1)
where we use the lowest-order guiding-center Poisson
bracket to find〈{
S1, {S1, 〈Φ1gc〉}gc
}
gc
〉
≃
∂
∂J
(〈
Φ˜21gc
〉 ∂〈Φ1gc〉
∂J
)
,〈{
S1, {S1, Φ˜1gc}gc
}
gc
〉
≃
3
2
∂
∂J
〈
Φ˜21gc
∂Φ˜1gc
∂J
〉
,
so that Eq. (B1) becomes
H3gy ≃
e3
2Ω2
∂
∂J
〈(
Φ˜1gc
)2 ∂Φ1gc
∂J
〉
. (B2)
Next, the Taylor-expansion of Φ1gc in powers of ρ0 up to
second order yields
Φ1gc = Φ1 + ρ0 ·∇Φ1
+
J
2mΩ
(
∇2⊥Φ1 − 4 a2 : ∇∇Φ1
)
, (B3)
11
so that we find〈
Φ˜21gc
∂Φ1gc
∂J
〉
=
J
2 (mΩ)2
|∇⊥Φ1|
2∇2⊥Φ1
+
4 J
(mΩ)2
〈
∇Φ1 · a1 ·∇Φ1 a1 : ∇∇Φ1
〉
,
where we used a1 ≡ ∂a2/∂ζ. By using the identity
4
〈
(∇ψ · a1 ·∇χ) a1 : ∇∇φ
〉
≡ ∇⊥ψ ·∇∇φ ·∇⊥χ
−
1
2
(∇⊥ψ ·∇⊥χ) ∇
2
⊥φ, (B4)
where (ψ, χ, φ) are arbitrary functions, Eq. (B2) yields
the long-wavelength result
H3gy →
e3
2 (mΩ2)2
(
1
2
|∇Φ1|
2 ∇2Φ1
+ ∇Φ1∇Φ1 : ∇∇Φ1 −
1
2
|∇Φ1|
2 ∇2Φ1
)
= −
e
2
E1 ·∇
(
1
2
|ξ1gy|
2
)
. (B5)
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